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Precise cosmological data from WMAP and forthcoming cosmic microwave background experi¬ 
ments motivate the study of the quantum corrections to the slow roll inflationary parameters. We 
hnd the quantum (loop) corrections to the equations of motion of the classical inflaton, to those 
for the fluctuations and to the Friedmann equation in general single held slow roll inhation. We 
implement a renormalized effective held theory (EFT) approach based on an expansion in {H/Mpi)‘^ 
and slow roll parameters ev, rjv, ay, fv- We hnd that the leading order quantum corrections to 
the inhaton effective potential and its equation of motion are determined by the power spectrum of 
scalar huctuations. Its near scale invariance introduces a strong infrared behavior naturally regu¬ 
larized by the slow roll parameter A — rjv — ey = ^ («-s — 1) + r/8. To leading order in the (EFT) 

1 -I- j ^ 4- higher ordersj where Us 

and r — ApfA'^ are the CMB observables that depend implicitly on $0 and Vij('I>o) is the renor¬ 
malized classical inhaton potential. This ehective potential during slow roll inhation is strikingly 
different from the usual Minkowski space-time result. We also obtain the quantum corrections to 
the slow roll parameters in leading order. Superhorizon scalar held huctuations grow for late times 
rj 0~ as where d_ is a novel quantum correction to the scaling exponent related 

to the self-decay of superhorizon inhaton huctuations gr —> gnp and rj is the conformal time. We 
hnd to leading order —d_ = in terms of the CMB observables. These results 

are generalized to the case of the inhaton interacting with a light scalar held cr and we obtain the 
decay rate V^p-,aa. These quantum corrections arising from interactions will compete with higher 
order slow-roll corrections in the gaussian approximation and must be taken into account for the 
precision determination of inhationary parameters extracted from CMB observations. 


I. INTRODUCTION 

Inflation is a central part of early Universe cosmology passing many observational tests and becoming a predictive 
scenario scrutinized by current and forthcoming observations. Originallv inflation was introduced as an elegant ex¬ 
planation for several shortcomings of the standard Big Bang cosmology[y-|3. However, one of the most compelling 
aspects of inflation is that it provides a mechanism for generating scalar (density) and tensor (gravitational wave) 
perturbations l^l-ll.hl. A distinct aspect of inflationary perturbations is that these are generated by quantum fluctua¬ 
tions of the scalar field(s) that drive inflation. After their wavelength becomes larger than the Hubble radius, these 
fluctuations are amplified and grow, becoming classical and decoupling from causal microphysical processes. Upon 
re-entering the horizon, during the matter era, these classical perturbations seed the inhomogeneities which generate 
structure upon gravitational collapseWhile there is a great diversity of inflationary models, most of them 
predict fairly generic features: a gaussian, nearly scale invariant spectrum of (mostly) adiabatic scalar and tensor 
primordial fluctuations. These generic predictions of most inflationary models make the inflationary paradigm fairly 
robust. The gaussian, adiabatic and nearly scale invariant spectrum of primordial fluctuations provide an excellent fit 
to the highly precise wealth of data provided by the Wilkinson Microwave Anisotropy Probe (WMAP) [I1II1II1II3 
Perhaps the most striking validation of inflation as a mechanism for generating superhorizon (‘acausaP) fluctuations 
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is the anticorrelation peak in the temperature-polarization (TE) angular power spectrum at Z ~ 150 corresponding to 
super horizon scales 

The confirmation of many of the robust predictions of inflation by current high precision cosmological observations is 
placing inflationary cosmology on solid grounds. Current and forthcoming observations with ever increasing precision 
measurements will begin to discriminate among different inflationary models, placing stringent constraints on the 
underlying particle physics model of inflation. There are small but important telltale discriminants amongst different 
models: non-gaussianity, a running spectral index for either scalar or tensor perturbations (or both), an isocurvature 
component for scalar perturbations, different ratios for the amplitudes between scalar and tensor modes, etc. Already 
WMAP reports a hint of deviations from constant sc aling exponents (running spectral index) ■ Amongst the wide 
variety of inflationary scenarios, slow roll inflation |l8Lll9l| provides an appealing, simple and fairly generic description 
of inflation. The basic premise of slow roll inflation is that the potential is fairly flat during the inflationary stage. 
This flatness not only leads to a slowly varying Hubble parameter, hence ensuring a sufficient number of e-folds, but 
also provides an explanation for the gaussianity of the fluctuations as well as for the (almost) scale invariance of their 
power spectrum. A flat potential precludes large non-linearities in the dynamics of the fluctuations of the scalar held, 
which is therefore determined by a gaussian free held theory. Furthermore, because the potential is hat the scalar 
held is almost massless, and modes cross the horizon with an amplitude proportional to the Hubble parameter. This 
fact combined with a slowly varying Hubble parameter yields an almost scale invariant primordial power spectrum. 
Upon crossing the horizon the phases of the quantum huctuations freeze out and a growing mode dominates the 
dynamics, i.e. the quantum huctuations become classical (see ref.@ and references therein). Departures from scale 
invariance and gaussianity are determined by the departures from hatness of the potential, namely by derivatives 
of the potential with respect to the expectation value of the scalar held. These derivatives can be combined into a 
hierarchy of dimensionless slow roll parameters that allow an assessment of the corrections to the basic predictions 
of gaussianity and scale invariance|6|. This slow roll expansion has the important bonus of allowing a reconstruction 
program that yields details of the inhaton potential from observables extracted from the analysis of CMB data, for 
example the index of the power spectra of scalar and tensor perturbations, the ratio of their amplitudes, etc.[2flj. 
While more complicated scenarios can be proposed, the current WMAP data seems to validate the simpler slow roll 
scenario Ea Forthcoming precision CMB data forces a deeper examination of the inhationary predictions, which 
has motivated an analysis of the power spectra to higher order in the slow roll expansion. A general slow roll 
approximation!^ 1^ along with WKB p^ l24l| and uniform[^ approximations to study the power spectrum beyond 
slow roll have been introduced. While progress is being made in obtaining a more precise assessment of the power 
spectra of scalar and tensor perturbations within the slow roll scenario, it must be noted that all these rehnements 
are still within the gaussian approximation, namely quadratic huctuations of the scalar held and the metric (or 
alternatively linear perturbations in the equations of motion for the huctuations). Interactions of the inhaton with 
other helds are a necessary ingredient for a post-inhationary reheating stage where the energy stored in the inhaton 
is transferred to other degrees of freedom which eventually thermalize and lead to a transition from inhation to the 
standard Hot Big Bang, radiation dominated cosmology. 

Even within the simple single held slow roll scenario, higher derivatives of the potential with respect to the homo¬ 
geneous expectation value of the scalar held will unavoidably lead to non-linearities. The lowest order non-linearity 
results from a cubic self-interaction of the huctuations around the homogeneous expectation value. The strength of 
the cubic self-interaction is determined by a particular slow-roll parameter, (the ‘jerk ’ parameter) . This 

slow roll parameter also enters in the running of the spectral index, and the current WMAP data provides a rather 
loose bound on it|l7| which suggests a small but non-vanishing cubic self-interaction. 

Self-interactions of the huctuations of the scalar held in turn lead to non-gaussianities which are characterized by a 
non-vanishing hi-svectrum^ ^ -^ ^ . The effect of interactions on the decay of the inhaton in de Sitter space time was 
studied in refs.|3n|. and we have implemented a dynamical renormalization group to study the decay of the quantum 
huctuations into other helds as well as the self decay of the huctuations both for sub and super-horizon modes in 
slow roll inhation |3lL l32| . In|32| the connection between the self-decay of inhaton huctuations and the bi-spectrum in 
single held slow roll inhation was established. 

In this article we study the ehect of the self interactions as well as the interaction of the inhaton with other scalar 
helds to assess the quantum corrections to the potential reconstruction program based on the slow-roll expansion. In 
particular, we study the quantum corrections to the equations of motion of the expectation value of the inhaton, and 
to the huctuations as well as the quantum corrections to the Friedmann equation and to the slow roll parameters. 
Such corrections are important for an accurate assessment of the inhationary parameters ht from the WMAP and 
future CMB data. 

Inflation as an effective field theory: Effective held theory provides a useful and physically motivated in¬ 
terpretation of scalar held inflation below a cutoff scale. In this interpretation, inflation is driven by a scalar held 
(the inhaton) with a fairly flat potential, which justifles the slow roll approximation and is consistent with observa¬ 
tional data. The inhaton replaces the microscopic description provided by grand unihed models in the cosmological 
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space-time. Such a description as an effective field theory relies on a separation of scales, in this case the scale of 
inflation, determined by the Hubble parameter, and a high energy scale M. We identify M with the Planck scale Mpi 
since so far, this is the only known energy scale above the inflation scale. Within this effective held theory approach 
to inhationary cosmology the inhaton model is interpreted as the effective ‘low energy’ held theory resulting from 
‘integrating out’ the degrees of freedom with energy scales at or even above the scale M (as advocated in refs.[^). In 
this interpretation, inhationary models are not fundamental theories but effective descriptions in terms of a conden¬ 
sate, the inhaton held. This type of description is very successful in a wide variety of physically relevant cases: the 
low energy pion dynamics emerging from full QCD and the Landau-Ginzburg ehective theories of superconductivity, 
superhuidity and critical phenomena. In all these cases the low energy effective held theory allows a systematic study 
of the universal aspects of the relevant dynamics. In this approach small dimensionless quantities are a result of the 
ratio between the low and high energy scales. It is a tantalizing possibility that the robustness of the predictions 
of inhationary theories may be a manifestation of such ‘universality’ of the low energy ehective held theory, akin to 
the robustness of the description of critical phenomena by the Landau-Ginsburg approach to phase transitions. Such 
point of view for inhationary dynamics as an ehective held theory driven by a scalar held has been recently studied 
quantitatively in ref. . 

The small parameter that determines the validity of inhation as an ehective quantum field theory below the scale 
M is H/M where H is the Hubble parameter during inhation and therefore the scale at which inhation occurs. The 
slow roll expansion is in a very well dehned sense an adiabatic approximation since the time evolution of the inhaton 
held is slow on the expansion scale. Thus the small dimensionless ratio H/M, which is required for the validity of 
an ehective held theory (EFT) is logically independent from the small dimensionless combinations of derivatives of 
the potential which ensure the validity of the slow-roll expansion. In particular, since M = Mpi, the ratio H/Mpi 
determines the amplitude of tensor perturbations^. Hence the validity of the ehective held theory description of 
inhation requires a very small amplitude of tensor perturbations (gravitational waves) which is consistent with the 
WMAP data[l3. 

Therefore, in this article we will invoke two independent approximations, the ehective held theory (EFT) and the 
slow roll approximation. The former is dehned in terms of an expansion in the ratio H/Mpi, whereas the latter 
corresponds to small slow roll parameters. 

In order to determine the validity of the (EFT) and slow roll expansions, it is important to highlight the main 
diherences between slow roll inhation and the post-inhationary stage. During slow roll inhation the dynamics of the 
scalar held is slow on the time scale of the expansion and consequently the change in the amplitude of the inhaton is 
small and quantihed by the slow roll parameters. The slow roll approximation is indeed an adiabatic approximation. In 
striking contrast to this situation, during the post-inhationary stage of reheatin g th e scalar held undergoes rapid and 
large amplitude oscillations that cannot be studied in a perturbative expansionjS^I^. The slow roll approximation 
during inhation is warranted because of the adiabatic evolution of the scalar held, and the (EFT) is warranted because 
of the smallness of the ratio H/Mpi as determined by the WMAP data. 

The goals of this article: In our previous work in ref.l^ls^ we have found that the near scale invariance of the 
inhaton huctuations result in quantum corrections that feature an infrared enhancement. 

The results of these references suggest that even when quantum (loop) corrections are suppressed by powers of the 
effective held theory ratio H/Mpi, there are enhancements arising from infrared effects, a result of the near scale 
invariance of the power spectrum of huctuations. 

In this article we focus our study on quantum aspects of inhationary dynamics during the slow roll stage by 
considering quantum (loop) corrections from inflaton fluctuations as well as light scalar helds with a nearly scale 
invariant power spectrum. In particular we study the contributions from the inhaton huctuations and light scalar 
helds to the effective inflaton potential as well as self-energy corrections to the equations of motion of the inhaton 
huctuations during slow roll. We show that a strong infrared enhancement appears in the ehective held theory 
when nearly scale invariant huctuations are present. This is precisely the case in slow-roll inhationary cosmology. 

We restrict our study here to the quantum corrections from huctuations of the inhaton and light scalar helds during 
slow roll as a prelude to a more complete study that should eventually include gravitational huctuations, a task that 
is postponed for further study. 

The motivation of this work is driven by forthcoming precision measurements of the primordial power spectrum. 
These measurements can potentially yield precise information to map out the inhationary potential during inhation. In 
order to go from the data to the inhaton potential and inhationary parameters, the slow-roll approximation is typically 
invoked. Higher order derivatives of the inhationary potential will be determined from the slow roll parameters 
obtained from the data. The main point that we highlight in this article is that while the typical slow-roll expansion 
is based solely on a free held description (gaussian) of the huctuations and a classical description of the inhaton 
dynamics, quantum (loop) corrections yield contributions in the slow-roll parameters. These quantum corrections 
compete with higher order corrections in the slow roll approximation in the gaussian theory and therefore ahect the 
determination of the inhationary potential. Our study in this article seeks to obtain a quantitative understanding of 
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these corrections. We find that the loop corrections have a strong infrared behavior as a consequence of the nearly 
scale invariant spectrum of scalar fluctuations. The infrared behavior is manifest as poles in a small parameter A 
which is a measure of the departure from scale invariance of the power spectrum of scalar perturbations. A is a simple 
function of slow-roll parameters. 

Brief summary of main results: 


• We show that the one loop quantum correction to the equation of motion for the homogeneous expectation 
value of the inflaton is determined by the power spectrum of its quantum fluctuations. As discussed in|32|. a 
nearly scale invariant power spectrum of scalar fluctuations introduces a strong infrared behavior: it is naturally 
regulated by a small parameter A which measures the departure from scale invariance and is a simple function of 
slow-roll parameters. The infrared divergences are manifest as poles in A|32|. We obtain the effective equation 
of motion for the expectation value of the inflaton field at one loop level in the effective field theory and to 
leading order in the slow roll expansion. It is given by 


$o(<) + 3TIo$o(i) + ^fl(^o) 


A^ 


ns-l + ^ 



dus 

dink 


= 0 . 


• We obtain the one-loop corrections to the Friedmann equation to leading order in the EFT and slow roll 
expansions. Just as for the equation of motion for the expectation value of the inflaton, the one-loop correction 
to the Friedmann equation is determined by the power spectrum of the inflaton fluctuations and also features 
an infrared enhancement. The effective inflaton potential is obtained to leading order in the EFT and slow roll 
approximations, it is given by 


^effi^o) 


Vr($o) 


1 + 


T A.^ Tls 1 


32 ns-l + \r 


where the CMB observables ns , r are implicit functions of <i>o through the slow roll parameters. This effective 
potential during slow roll inflation is strikingly different from the effective potential in Minkowski space-time 
given by eq. EH). Moreover, the quantum corrections to the slow roll parameters are obtained in the leading 
order of the EFT and slow roll expansions. 

• We obtain the renormalized equations of motion for the superhorizon quantum fluctuations of the inflaton in 
leading order in the EFT and slow roll expansions. The solution of these equations features secular terms which 
are resummed via the dynamical renormalization grouD[^ l32|. This resummation reveals that superhorizon 
fluctuations display a novel scaling dimension which is related to the self decay of inflaton fluctuations. We 
compute the quantum correction to the scaling dimension and the rate for the self decay of superhorizon inflaton 
fluctuations in cosmic time, To leading order in (EFT) and slow roll expansions we find for the correction 

to the scaling dimension 


-d_ 


2 o-y iw - ey) + 6^^ 

4(r;y-ev)2 


and for the self-decay rate 

_^A2 Hq _2 Hq A^ 

^ ^ \2 ~ , 1 \2 ■ 

2 [r\v ev) _ 1 _|_ 1 |.) 

These results have been expressed in terms of CMB observables and the jerk parameter which is related the 
running of the index of scalar perturbations [see eq. W- 

• We generalize these results by studying a model in which the inflaton interacts with another light scalar field 
tj. We obtain the corrections to the effective potential and scaling exponents from the self-energy loop of tr 
particles. In particular we obtain the partial rate of super horizon fluctuations of the inflaton decaying into two 
cr particles, F^p^o-o-- 

One of the main points of this article is that quantum corrections arising from the interactions of the inflaton with 
itself and any other scalar field may compete with higher order slow-roll corrections from the gaussian approximation. 

The article is organized as follows. In sectionniwe briefly discuss the systematics of the effective field theory (EFT) 
and slow roll expansions. In section UTTI we obtain the one loop correction to the equation of motion for the expectation 
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value of the inflaton. In this section we introduce the renormalized effective field theory approach. Here we show that 
the quantum correction to the equation of motion is determined by the power spectrum of the scalar fluctuations. 
The nearly scale invariance of the power spectrum results in strong infrared behavior of this contribution, naturally 
regulated by the small parameter A which is a simple function of slow roll parameters. We obtain this correction to 
leading order in the EFT and slow roll expansions. In section IW1 we obtain the one loop correction to the Friedmann 
equation to leading order in the EFT and slow roll expansions and identify the correct effective potential up to this 
order. In this section we also obtain the quantum corrections to the slow roll parameters to leading order in the 
expansions. In section^we obtain the equations of motion for the quantum fluctuations of the inflaton including the 
one-loop self energy. The solution of these equations feature secular terms that are resummed by implementing the 
dynamical renormalization grouD [^ l32| . The improved solution features a quantum correction to the superhorizon 
scaling dimension, which is obtained to leading order in the EFT and slow roll expansions. In section l\Tl we generalize 
the results to the case in which the inflaton interacts with a light scalar field. An appendix shows that a calculation 
akin to that presented in sections Eniivi but in Minkowski space-time, lead to the familiar effective potential. The 
Minkowski effective potential is different from the inflationary potential obtained in sec. Section IVITI summarizes 
our results and presents our conclusions. 


II. EFFECTIVE FIELD THEORY (EFT) AND SLOW ROLL EXPANSION. 

We consider single field inflationary models described by a general self-interacting scalar field theory in a spatially 
flat Friedmann-Robertson-Walker cosmological space time with scale factor a(t). In comoving coordinates the action 
is given by 


S = 


/ 


cPx dt a^{t) 


1 

2 


J.2 


(V0)^ 

2a2 


-V{cl>) 


( 1 ) 


We consider a generic potential F(0), the only requirement is that its derivatives be small in order to justify the slow 
roll expansion [y, lla |20|. In order to study the corrections from the quantum fluctuations we separate the classical 
homogeneous expectation value of the scalar field from the quantum fluctuations by writing 

4>{x,t) = ^o{t) + ip{x,t) , (2) 


with 


^o(i) = {(i){x,t)) ; {ipix,t)) = 0 , (3) 

where the expectation value is in the non-equilibrium quantum state. Expanding the Lagrangian density and inte¬ 
grating by parts, the action becomes 


5 = 


d^x dt a^{t) £[$o(^)) ‘f{x, t)] , 


( 4 ) 


with 


C[^o{t),ip{x,t)] = ^ ^0 - 4^(®o) + 

[$o + 3 H $0 + 4^' (4>o)] - \ V” ($o) 


V(^t^)($p) (^4 _|_ orders intp . 


( 5 ) 


We will obtain the equation of motion for the homogeneous expectation value of the inflaton field by implementing 
the tadpole method (see 1^ and references therein). This method consists in requiring the condition {(p{x,t)) = 
0 consistently in a perturbative expansion b y tr eating the linear^ cubic, quartic (and higher order) terms in the 
Lagrangian density eq. as perturbations l32|| . 

Our approach relies on two distinct and fundamentally different expansions: i) the effective field theory (EFT) 
expansion and ii) the slow-roll expansion. 

The EFT expansion: as mentioned above, the effective field theory approach relies on the separation between 
the energy scale of inflation and the cutoff scale, which here is the Planck scale. The scale of inflation is determined 
by the Hubble parameter during the relevant stage of inflation when wavelengths of cosmological relevance cross the 
horizon. Therefore, the dimensionless ratio that defines the EFT approximation is the ratio H{^q)/Mpi, where iL($o) 
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is the Hubble parameter during the relevant inflationary stage. In scalar field driven inflation the reliability of this 
approximation improves upon dynamical evolution since the scale of inflation diminishes with time. Phenomenolog¬ 
ically, the EFT approximation is an excellent one since the amplitudes of tensor and scalar perturbations Aq- and 
Aiz, respectively are given byilia 



TT 


H 

Mpi 


H 

Mpi 


2 TT A-ji V2 ey , 


( 6 ) 


where ey 1 is a slow-roll parameter (see below). WMAP data^3| yields A-p — 0.47 x 10“"^ thus providing strong 
observational support to the validity of an effective held theory for inhation well below the Planck scale and to the 
expansion. Expected CMB constraints on Ar should still improve this observational support. 

These perturbation amplitudes can be expressed in terms of the semiclassical and quantum gravity temperature 
scales 




hH ^ ^ Mpi c" 

2 7rfc_B ’ 2 7rfc_B 


(7) 


where kp stands for the Boltzmann constant and c for the speed of light. Tsem is the Hawking-Gibbons temperature 
of the initial state (Bunch-Davis vacuum) of inhation while Tpi is the Planck temperature ~ lO^^K. We have, 


_ V2 Tsem Tsem 

TT 1 PI Ipi 


= 2 TT Ap \/2 ey 


( 8 ) 


Therefore, the WMAP data yield for the Hawking-Gibbons temperature of inhation: Tsem — \fTv 10^®K. 

Slow roll approximation: During slow roll inhation the homogeneous expectation value <I>o is a slowly varying 
function of time which entails that the potential H($o) is fairly hat as a function of $o. The slow roll expansion 
introduces a hierarchy of small dimensionless quantities that are determined by the derivatives of the potential. 
Some0 0| of these (potential) slow roll parameters are given by^ 


ev = 


Ml, 


^'($o) 

V(^o) 


j]v = Mp, 


2 ^ ('J’o) 


17(^o) 


. ,.4 V'{<^o)V ($o) 


(Ty — ^PI 




^3(4>o) 


(9) 


( 10 ) 


The slow roll approximation ll^ 1^ corresponds to ey ^ ? 7 y ^ 1 with the hierarchy ^y ^ 0{ey) ; cry ^ 0{ey), 
namely ey and rjy are hrst order in slow roll, ^y second order in slow roll, etc. 

The slow roll parameters can be expressed in terms of the CMB observables and their spectral runnings as follows, 


r 1/^3 

ey = — , r?y = — n, — in— r 

16 ' 2 I 8 


( r n 2 9r^ 

~ ~ 1024 


CTy = --- 


r / 1 , 3 \ I dus 

If 9r r^\ dus 

- (ns-1- —-b — 1 dhTfc 


4 V 6 / 


3r 
- 1 + -:r 


dr 


2 V 6) 


8 J d\nk ' 2 V 67 ^(Infc)^ 
The Friedmann equation and the classical equation of motion for <I>o are 


tt2 _ 1 

° 3 Ml 


PI 


($o)2 + H($o) 


<i>o + 3Ho^o + V'{^o) = 0 ■ 

During slow roll inhation the equation of motion la can be approximated as 

H'($o) 

$0 =-h higher orders in slow roll, 

3 Ho 


( 11 ) 

( 12 ) 

(13) 

(14) 


^ We follow the definitions of ; ay in ref. O. called ^y'^o-y^ respectively, in llSi h 
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and the Friedmann equation reads 


jr2 _ 

° 3 M2, 


1 + + 0{ey,ev Vv) 


During slow roll, the number of e-folds before the end of inflation is given by 


N{^) = 


1 




Mpi y^2ev($o) ’ 


(15) 


(16) 


where $e is the value of <i)o at the end of inflation. The stage of inflation during which wavelengths of cosmological 
relevance today first cross the Hubble radius corresponds to N{^) ^ 50. Therefore, during this stage the smallness 
of the slow roll parameter ey is justified by the l arg e number of e-folds. In a wide variety of inflationary models the 
slow roll parameter ey is small for large jVId*! flTl l34| . 

We now introduce the effective mass of the fluctuations M^ and the cubic and quartic self-couplings g, A respectively 
as 


M2 = M2($o) = H"($o) = 3 f]y + Oiey gy), 

g = g{^o) = (®o), 

A=A(d>o) = ^ ^(^'"^($0). 

D 


(17) 

(18) 

(19) 


In particular, the dimensionless combination of the cubic coupling and the scale of inflation is given to leading order 
in slow-roll by 


9 3 Mo 3 

- = - , - = — TT At? 

Hq 2\/2 ey Mpi 2 


1 3rA dris 

-'"•-'+16)^71^ 


( 20 ) 


and the quartic coupling A can be conveniently written in terms of slow-roll and effective-field theory parameters as 

Moreover, A can be written solely in terms of CMB observables inserting the expression eq. m for ay into eq. m- 
During slow roll the effective mass and couplings are not constants but very slowly varying functions of time, and 
according with the slow roll hierarchy, both the cubic and quartic self couplings are small, the quartic being of higher 
order in slow roll than the cubic etc, namely 

1 > ^ > A > • • • 

Mo 

where the dots stand for self-couplings arising from higher derivative of the potential as displayed in eq. 0 . The time 
dependence of these couplings is implicit through their dependence on $o determined by eq. da- Eos. ll^ and la 
clearly show that (g/H)^ and A are of the same order in the EFT expansion, namely 0{Hq This observation 

will be important in the calculation of the self-energy correction for the quantum fluctuations. 

In order to keep a simple notation, the calculations will be performed in terms of g] A [see definitions eqs. (tTHl)-(traii] 
and we will write these effective couplings in terms of slow roll and EFT variables using eqs. CT-(ini at the end of 
the calculations. 


III. QUANTUM CORRECTIONS TO THE EQUATION OF MOTION FOR THE INFLATON. 

Quantum corrections to the equations of motion for the inflaton and for the fluctuations will be obtained by treating 
the second line in eq. 0 , namely, the linear and the non-linear terms in ip in perturbation theory. 

The generating functional of non-equilibrium real time correlation functions requires a path integral along a complex 
contour in time: the forward branch corresponds to time evolution forward (-I-) and backward (—) in time as befits the 
time evolution of a density matrix. Fields along these branches are labeled and Lp~, respectively (see refs. |^ 1^ 
and references therein). The tadpole conditions 


{if^{x,t)) = 0 


(22) 















both lead to the (same) equation of motion for the expectation value d>o(t) by considering the linear, cubic and higher 
order terms in the Lagrangian density as interaction vertices. Up to one loop order we find 


$o(t) + 3i? $o(0 + ^'(^o)+ff($o) (b+(f,t)]') = 0. (23) 

The first three terms in eq. 03) are the familiar ones for the equation of motion of the inflaton. 

The last term is the one-loop correction to the equations of motion of purely quantum mechanical origin. Another 
derivation of this quantum correction can be found in|3lTL 1^. The fact that the tadpole method, which in this case 
results in a one-loop correction, leads to a covariantly conserved and fully renormalized energ y m omentum tensor has 
been previously established in the most general case in refs.fs^ls^ and more recently in ref.y^. 

The coupling g is defined by eq. m- The ((• • ■)) is computed in the free field (Gaussian) theory of the fluctuations 
ip with an effective ‘mass term’ given by eq. 03, the quantum state will be specified below. Furthermore, it is 
straightforward to see that {[ip^ {x, = {[ip~ {x, t)]^) = {[ip{x,t)Y)- In terms of the spatial Fourier transform of the 

fluctuation field ip{x,t), the one-loop contribution can be written as 

/ fjSu r°° gi. 

(24) 

where <pg(t) is the spatial Fourier transform of the fluctuation field ip{x, t) and we have introduced the power spectrum 
of the fluctuation 


^ (|v?fc(0P) ■ 


(25) 


The metric background is as usual. 


ds^ = dt^ — a^{t) dx^ = [(d??)^ — da;^] , 


where g is the conformal time and C(? 7 ) = 

In order to compute the one-loop contribution, it is convenient to work in conformal time and to conformally rescale 
the field 


ip{x,t) 


X{x, v) 

Civ) 


(26) 


C{r]) being the scale factor in conformal time. 

During slow roll inflation the scale factor is quasi de Sitter and to lowest order in slow roll it is given by : 


Civ) = - 


1 


1 


1 


■(1 + £y) + Cicy). 


HoT) 1-ev HqT] 

The spatial Fourier transform of the free field Heisenberg operators x(x, v) obey the equation 

C"iv)' 


xAv) 


k^ + M^ C\v) - 


Civ) 


Xkid) = 0- 


Using the slow roll expressions eqs. C3 and it becomes 


Xtid) 


1/2 - n 

u2 4 


r- 


xAd) = 0 


(27) 


(28) 


(29) 


where the index u is given by 


y = 


-+ Cv -Vv + Oicy, Vy, €yVv) ■ 


(30) 


The scale invariant case = f corresponds to massless inflaton fluctuations in the de Sitter background, 
quantity 


The 


A^--i^ = Vv-ev + Oiey,Vv, evVv) ■ 


(31) 
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measures the departure from scale invariance. In terms of the spectral index of the scalar adiabatic perturbations n, 
and the ratio r of tensor to scalar perturbations, A takes the form, 


A = i (n. - 1) + ^ . (32) 

The free Heisenberg field operators X^iv) ^'I'e written in terms of annihilation and creation operators that act on Fock 
states as 


Xfe(’7) =afe +a^_-S'*(fc,77) (33) 

where the mode functions S^{k,r]) are solutions of the eqs. We choose Bunch-Davis boundary conditions on 

these mode functions so that 

S^{k,ri) = i V-TT?? €*^(^^+5) Hl^\-kiri), (34) 

this defines the Bunch-Davis vacuum a^\0 >bd— 0. 

There is no unique choice of an initial state, and a recent body of work has began to address this issue (see 
ref. |38| for a discussion and further references). A full study of the quantum loop corrections with different initial 
states must first elucidate the behavior of the propagators for the fluctuations in such states. In this article we focus 
on the standard choice in the literature!^ l2(l| which allows us to include the quantum corrections into the standard 
results in the literature. A study of quantum loop corrections with different initial states is an important aspect by 
itself which we postpone to later work. 

The index v in the mode functions eq. m depends on the expectation value of the scalar field, via the slow roll 
variables, hence it slowly varies in time. Therefore, it is consistent to treat this time dependence of v as an adiabatic 
approximation. This is well known and standard in the slow roll expansion l2(l|| . Indeed, there are corrections to 
the mode functions which are higher order in slow roll as discussed in detail in refs.[^-|^. However, these mode 
functions enter in the propagators in loop corrections, therefore they yield higher order contributions in slow roll and 
we discard them consistently to lowest order in slow roll. 

With this choice and to lowest order in slow roll, the power spectrum eq. (1^ is given by 


O TT 


(35) 


For large momenta \kr]\ ^ 1 the mode functions behave just like free field modes in Minkowski space-time, namely 


S^{k,r]) 




^ g-ikv 


(36) 


Therefore, the quantum correction to the equation of motion for the inflaton eqs. 03) and OH) determined by the 
momentum integral of Vip{k^ t) features both quadratic and logarithmic divergences. Since the field theory inflationary 
dynamics is an effective field theory valid below a comoving cutoff A of the order of the Planck scale, the one loop 
correction (1^ becomes 


—’P(^(fc,t) — — 

k 8 TT ./n 




where ^pip) is the ratio of the cutoff in physical coordinates to the scale of inflation, namely 


Apiv) = 


A 


= — A r] . 


HC{p) 

The integration variable z = —kp has a simple interpretation at leading order in slow roll 

k _ kpfq) 


z = —kr] = 


Ho C{ri) Ho 


(37) 


(38) 


(39) 


where kp{r]) = k/C{ri) is the wavevector in physical coordinates. If the spectrum of scalar fluctuations were strictly 
scale invariant, (namely for massless inflaton fluctuations in de Sitter space-time), then the index would be = 3/2 
and the integrand in given by 


H^^\z) 


2 0 


TT 


(40) 
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In this strictly scale invariant case, the integral of the power spectrum also features an infrared logarithmic divergence. 
While the ultraviolet divergences are absorbed by the renormalization counterterms in the effective field theory, no 
such possibility is available for the infrared divergence. Obviously, the origin of this infrared behavior is the exact 
scale invariance of superhorizon fluctuations. However, during slow roll inflation there are small corrections to scale 
invariance determined by the slow roll parameters, in particular the index v is slightly different from 3/2 and this 
slight departure from scale invariance introduces a natural infrared regularization. In a previous article|23 we have 
introduced an expansion in the parameter A = 3/2 — v = riv — ev + 0{ey, rjy, evVv) which is small during slow roll 
and we expect here as in ref. |32| that the infrared divergences featured by the quantum correction manifest as simple 
poles in A. We will now proceed to compute the quantum correction to the equation of motion for the inflaton by 
isolating the pole in A as well as the leading logarithmic divergences. To achieve this goal we write the integral 



Jo ^ 





2 


(41) 


fip acts here as infrared cutoff for the first integral. The second integral is ultraviolet and infrared finite for finite 
fip, Ap. We can set then i/ = 3/2 in this integral and use eq. (14011 . In the first integral we obtain the leading order 
contribution in the slow roll expansion, namely the pole and leading logarithm, by using the small argument limit of 
the Hankel functions. This yields, 




2-^0 


2^ T{u) 


.2 A 


and we find that eq. dnj yields after calculation. 


dz , , 2 9 

i/(l)(z) =- 


+ -^ + 7 - 2 + ln(2 p,p) + C>(A) 


(42) 


(43) 


where we have displayed the pole in A and the leading infrared logarithm. Combining the above result with the 
second integral (for which we set A = 0) we find the following final result for the quantum correction to leading order 
in slow roll 


i([(/9(f, t)f) 




+ In Ap + — + 2 7 


4 +0(A) , 


(44) 


where 7 is the Euler-Mascheroni constant. While the quadratic and logarithmic ultraviolet divergences are regular¬ 
ization scheme dependent, the pole in A arises from the infrared behavior and is independent of the regularization 
scheme. In particular this pole coincides with that found in the expression for < (j)‘^{x,t) > in ref. |4n| . The ultra¬ 
violet divergences^ in whichever renormalization scheme, require that the effective field theory be defined to contain 
renormalization eounterterms in the bare effective lagrangian, so that these counterterms will systematically cancel 
the divergences encountered in the calculation of quantum corrections in the (EFT) and slow roll approximations. 


A. Renormalized effective field theory: renormalization counterterms 

The renormalized effective field theory is obtained by writing the potential V[(j)\ in the Lagrangian density in (Q 
in the following form 


V{^) = Vr{^)+SVr{c^,A) , (45) 

where Vr{(I)) is the renormalized classical inflaton potential and 5Vr{4>,A) includes the renormalization counterterms 
which are found systematically in a slow roll expansion by requesting that in the perturbative (slow roll) expansion 
insertion of the counterterms cancel the ultraviolet divergences. In this manner, the equations of motion and correla¬ 
tion functions in this effective field theory will not depend on the cutoff scale. The counterterm required to cancel the 
ultraviolet divergences in the inflaton equation of motion can be gleaned by restoring the dependence of the coupling 
g on <I>o, namely 


$o(<) + 3Er$o(0 + '^'(^o) + ^ '(^ 0 ) ( ^ 

4 TT 


Al + \nAl + ^+2-i - A + C>(A) 


= 0 . 


(46) 
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^From this equation it becomes clear that the one-loop ultraviolet divergences can be canceled by choosing 

5VR{<j),h) =Co[A, 77o] -I-C 2 [A, i7o] -I-higher orders in slow roll , (47) 


the extra terms refer to higher derivatives with respect to (j) which when evaluated at <i>o are of higher order in slow 
roll. The counterterm Co [A, i/g] is independent of (j) and will be required to cancel the ultraviolet divergences in the 
energy momentum tensor (see next section). 

The counterterm coefficient C 2 [A, Hq] is fixed by requiring that it cancels the ultraviolet divergence in the ea. (l46ll . 
This is achieved as follows. Introducing the renormalized form of the inflaton potential given by eq. m in the 
Lagrangian density and performing the shift in the fields as in eq. the Lagrangian density, eq. now becomes 


1 


1 


/:[d>o(t),(^(f,t)] = - d>o - Vr($o)-<5Vr($o) + o ^ - o 2 


-ip 


2 ' 2 
$0 + 3 iLo $0 + Vr($o) + C 2 [A, iLo] Vr"($o) 


^ [Vr (4>o) + C2 [A, Ho] + 

- i i4"(4>o) + 




6 


24 


(48) 


where the dots contain terms with higher derivatives of the potential with respect to $o which are subleading in the 
slow roll expansion. In Minkowski space time the counterterms are time independent because they must maintain the 
space-time symmetries. In an spatially flat FRW cosmology only spatial translational invariance restricts the form of 
the counterterms, hence time dependent counterterms are allowed. 

The equation of motion for $o can now be obtained by implementing the tadpole method as described above, with 
the leading order result 


^o(^) + 3 Ho d*o(0 T + Vr (‘I’o) s C2[A, Ho] -t- 


47r 


A^-hlnA^-H — -h27-4-t 0(A) 


= 0 . (49) 


The counterterm C 2 [A, Ho] is now chosen to cancel the ultraviolet cutoff dependence in the equation of motion, namely 


C 2 [A, Ho] 



[Ap -|- In Ap -|- 2 7 — 4 ] 


(50) 


leading to the final form of the renormalized inflaton equation of motion to leading order in the slow roll expansion 


^o(0 + 3 Ho $o(^) + ^k(‘5’o) + 


47ry A 


(51) 


An important aspect of this equation is the following: naively, the quantum correction is of order (d’o)) therefore 
of second order in slow roll, but the strong infrared divergence arising from the quasi scale invariance of inflationary 
fluctuations brings about a denominator which is of first order in slow roll. Hence the lowest order quantum correction 
in the slow roll expansion, is actually of the same order as V^($o). To highlight this observation, it proves convenient 
to write eq. (ED in terms of the EFT and slow roll parameters. 


$o(t) + 3i7o$o(i) + l4(^o) 


1 + 


Hq 

27r Mpi 


2 


2 ey A 


= 0 . 


(52) 


Since and A ~ ey the leading quantum corrections are of zeroth order in slow roll. This is a consequence 

of the infrared enhancement resulting from the nearly scale invariance of the power spectrum of scalar fluctuations. 
The quantum correction is suppressed by an EFT factor H^/Mp^ 1. 

Restoring the dependence of A on $0 through the definitions and ED we finally find the following equation of 
motion for the inflaton field in the effective field theory up to leading order in slow roll 


d>o(t) + 3i7 4o(t) + VR($o) 


V^(<J’o)Vr"($o) 


24(7rMpi)2 2 Vr($o)V^'($o)-V^"(^o) 


= 0 


(53) 


We can also write the inflaton field equation in terms of CMB observables 


$o(t) + 3i7o^o(i) + Vp($o) 


1 -f 


A^ 


Tig — 1 -f 


4 L 


r / , 3r 

— ( ns — 1 -I- 

2 V 16 


dris 

dink 


= 0 . 
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IV. QUANTUM CORRECTIONS TO THE FRIEDMANN EQUATION: THE EFFECTIVE POTENTIAL 


The zero temperature effective potential in Minkowski space-time is often used to describe the scalar field dynamics 
during inflation 00- The focus of this Section is to derive the effective potential for slow-roll inflation. As we see 
below the resulting effective potential [see eq. (ICTt l is remarkably different from the Minkowski one [see Appendix A]. 

Since the fluctuations of the inflaton field are quantized, the interpretation of the ‘scalar condensate’ <i>o is that 
of the expectation value of the full quantum field ^ in a homogeneous coherent quantum state. Consistently with 
this, the Friedmann equation must necessarily be understood in terms of the expectation value of the field energy 
momentum tensor, namely 




3Mpi \2 


1 (If] 

2 \a{t)J 



(54) 


Separating the homogeneous condensate from the fluctuations as in eq. © with the condition that the expectation 
value of the quantum fluctuation vanishes eq. 0. the Friedmann equation becomes 




1 



+ Vr($o) -I- <5yR($o) 


1 /l .2,1 

3M|,; \2 2 



U ($o) 


(55) 


The dots inside the angular brackets correspond to terms with higher derivatives of the potential which are smaller 
in the slow roll expansion. The quadratic term {(p'^) has been calculated above to leading order in slow roll and 
given by eq. (P|). Calculating the expectation value in eq. (|S3 in free field theory corresponds to obtaining the 
corrections to the energy momentum tensor by integrating the fluctuations up to one loop (see the appendix for a 
similar calculation in Minkowski space-time). We obtain these contributions up to this order, consistently with our 
study of the equations of motion up to one-loop order. 

The first two terms of the expectation value in eq. (1^ do not feature infrared divergences for z/ = 3/2 because of 
the two extra powers of the loop momentum in the integral. These contributions are given by 



^ f K 

32 7r2 

HtK I 

32 7r2 




f A 

16 TT^ 


(56) 

(57) 


Clearly, the choice of the counterterm C 2 [A, Hq] given by eq. (I50II cancels the ultraviolet divergences arising from the 
third term in the angular brackets in eq. 15511 . The counterterm Cq [A, Hq] in the renormalized potential eq. 14511 is 
chosen to cancel the ultraviolet divergences from the kinetic and gradient terms, namely 

Co[A,i7o]=-^(A2 + H2) . (58) 

The fully renormalized Friedmann equation up to one loop and to lowest order in the slow roll expansion is therefore 


= 


3 M2, 


1-2 , , fHo 

- $0 -b Vr($o) + ( ^ 




higher orders in slow roll 




SH^ 


(59) 


where Hq is the Hubble parameter in absence of quantum fluctuations: 




Tr(*&o) 

3M|,, 


1 + “^ + C>(ev) ey Vv) 


Using the lowest order slow roll relation eq. GO), the last term in eq. can be written as follows 


'W 


Hn 


\ 2 


4 TT M PI J A 


(60) 


This equation defines the back-reaction correction to the scale factor arising from the quantum fluctuations of the 
inflaton. 




























13 


Hence, while the ratio r\v!^ is of order zero in slow roll, the one loop correction to the Friedmann equation is of 
the order ^ 1 consistently with the EFT expansion. The Friedmann equation suggests the identification of 

the effective potential 


K//(^o) = Vr($o) + 




47r 


higher orders in slow roll = 


(61) 


= Vr($o) 


1 + 




0 


T]v 


AnMpi j rjv — ev 


+ higher orders in slow roll 


1 H- - -^j-h higher orders in slow roll 

32 ns - 1 + 7 r 


(62) 


In eq. (Eai we express the quantum corrections to the inflaton potential in terms of observables: A 7 -, Ug and r. Using 
the WMAP data for = 0.218 x 10“®, ea. (l62ll becomes 


K//($o) = VR(d>o) 


1 + 0.682 X 10 


-10 


Us - 1 + I r 
rig-l + jr 


higher orders in slow roll 


We see that the equation of motion for the inflaton eq. inj takes the natural form 

$o(<) + 3i?o Mt) + -^(‘^ 0 ) = 0 . 


where the derivative of 14// with respect to $0 is taken at fixed Hubble and slow roll parameters. That is, Hq and 
A must be considered in the present context as gravitational degrees of freedom and not as matter (inflaton) degrees 
of freedom. 

Eas.dHnil and m make manifest the nature of the effective field theory expansion in terms of the ratio (Hq/Mpi)^. 
The coefficients of the powers of this ratio are obtained in the slow roll expansion. To leading order, these coefficients 
are of 0{ey) because of the infrared enhancement manifest in the poles in A, a consequence of the nearly scale 
invariant power spectrum of scalar perturbations. 

The equivalence between the (EFT) ratio {Hq/Mpi)^ and the ratio {Tgem/Tpif' according to eq.|(7|), results in that 
the leading quantum corrections to the effective potential eq. are oc This is akin to the finite temperature 

contribution to the one loop effective potential in Minkowski space time. 

A noteworthy result is the rather different form of the effective potential eq. lICTll as compared to the result in 
Minkowski space time at zero temperature. In the appendix we show explicitly that the same definition of the 
effective potential as the expectation value of Tqo in Minkowski space-time at zero temperature yields the familiar 
one loop result, which is strikingly different from eq. during slow roll inflation. 


A. Quantum corrections to slow roll parameters 


We now have all of the elements in place to obtain the quantum corrections to the slow roll parameters. Defining 
the effective slow roll parameters as 


Ee// = 


Ki 


K'//(^o) 

K//(‘i>o) 


Veff — Mpi 


VefA^o) 

K//($o) 


eq. inn yields to leading order in EFT and slow roll expansions: 


Ee// = 1 + 

Veff =Vv <^ + 


Hn 


An MPI 
Ho 


Ariv ivv - ey) - 


iw - ey) 


1 


(63) 


(64) 


AnMpiJ (r^y-^yY 


e 


V 


w(w-<^v) 2pv Vv 


— (rjy + dev) + Arjy {riv + A ey) - 20 


A remarkable feature of the quantum corrections to the slow roll parameters is that they are of zeroth order in slow 
roll. Again, this is a consequence of the infrared enhancement of the loop diagrams for a nearly scale invariant 
spectrum of fluctuations. Higher order slow roll parameters can be obtained similarly. 
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V. QUANTUM CORRECTIONS TO SUPERHORIZON MODES: A NEW SCALING DIMENSION 

In order to study the equations of motion for the fluctuations including self-energy corrections, it is convenient to 
first pass to conformal time and to implement the conformal rescaling of the field as in eq. The action is now 

given by 


S' = y (fx dri Cc[x,^o] 

where the Lagrangian density Cc{x, ‘f’o] is given by 


(65) 


/:,[x,$o]=C^ry) 


^0 - - ^Vr($o) 


X' 


—C^{r]) X $o + 3i?<i>o-|- y^($o) -|- C 2 [A, H] V^i (4>o) -f ' 


- I MM - 

- ) - I ^(jj) x^ - ■) X'* + ■ ■ • (66) 


where the dots on $0 stand for derivatives with respect to cosmic time, the primes on y stand for derivatives with 
respect to conformal time, and we have used the definitions given in eqs. m and m- The effective (time dependent) 
mass term and counterterm are given by 


M\v) = Vni^o) C^iv)- 


C'iv) 

Civ) 


2_ 1 , 
2^^ /I ) ’ 

7]^ 4 


SM^ = {6XC2[A,Ho]+g^ C^IA, Ho]) iv) • 


(67) 

( 68 ) 


C 2 [A, Hq] is given by eq. (1^ and C 3 [A, Hq] will cancel a logarithmic divergence proportional to in the one loop self 
energy. 

The effective equation of motion for the fluctuations is obtained in the linear response approach by introducing an 
external source that induces an expectation value for the field x(x, ry), switching off the source this expectation value 
will evolve in time through the effective equation of motion of the fluctuations. This program is implemented by 
following the steps explained in our previous articles (see ref.[^|33 and references therein). We first write the spatial 
Fourier transform of the fields x^()f, 77 ) defined on the forward (-I-) and backward (—) branches in the generating 
functional, namely 


Xtiv) = Xtiv) + (Tiiv) ; ixtiv)) = Xziv) ; {<y^iv)) = o 


(69) 


were ^'^( 77 ) is the spatial Fourier transform of the expectation value of the fluctuation field x induced by the external 
source term. Implementing the tadpole condition (a^) = 0 up to one loop we obtain the effective equation of 

motioninili 




fc" - 




V, v') XM) dv' = Q ■ 


(70) 


The one-loop contributions to the self-energy kernel S(A:, 77 , 77 ') are displayed in fig. ^ The sum of the diagrams (c) 
and id) cancels by dint of the equation of motion for the inflaton eq. (I28II since the loop in diagram (d) is given 
by ([x(ai, 77 )]^) = C^iv) {[ipix, v)]'^)■ Only diagrams (a) and ( 6 ) give a non-vanishing contribution to the self energy 
kernel, which is found to be given by 


S(/C, 77 , 77') = 


1 


H^V^ 


6A [C2[A,Ho] + -Mx,v)Y) ] +g^C3[A,Ho] 


^( 77 - 77 ')+ ^/ IC^ik;v,v) ■ ( 71 ) 

HqVV 


The term proportional to Siv — v') is the sum of the contribution from the counterterm SAi'^ and the one loop 
contribution (a) in fig. ^ while the kernel /Cix(fc; 77 , 77 ') is determined by the one-loop contribution ( 6 ) in fig. QJand is 
given bylH 


X^ik-,V,v') = 2 


d^q 

(^ 


Im 


S,^iq,v)Stiq,vYS,yi\q- k\,v)S*i\q-k\,r]') 


(72) 


where the mode functions S'j/(fc, 77) are given by eq. (18411 . The equation of motion iTTni) is solved in a perturbative loop 
expansion as follows 


X^ig) = X^ i:ig) + X^^^ig) -b higher loop corrections 


(73) 
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FIG. 1: One-loop self energy contributions. A = ^ , g = ^ V (3>o). The square box in diagram (c) represents 

— C^{v)x 'ho + 3/1 "ho + Vr(3>o) + C 2 [A, //] (^o)j • The sum of diagrams (c) and (d) is proportional to the equation of 

motion and vanishes. Only diagrams (a) and (b) contribute to the self-energy. 


where Xp is the free field solution, ^(rf) is the one-loop correction, etc. This expansion to one loop order leads 
to the following hierarchy of coupled equations 


+ 


KM + 


fc2_ 

4 



ry2 

4/_ 

fc2- 

4 



ry^ 

4/_ 


KM = 0' 


where the inhomogeneity TZi{k,ri) due to the interaction of the inflaton is given by 

= (g) +9“C3[A,ir„|| 

and we have used eqs. and CT . The solution of the inhomogeneous eq. is given by 

/.O 

dr]'g^{k;r],ri') TZi{k,7]') . 

Qjj{k]r],7]') is the retarded Green’s function obeying 


(74) 

(75) 

(76) 

(77) 




g^{k-,ri,r]') = S{r] - rj') , g^{k-,r],r]') = 0 for rj'> r] . 


(78) 


We are primarily interested in obtaining the super horizon behavior of the fluctuations {\kr]\ <SCl) to obtain the scaling 
behavior in this limit, therefore we set k = 0. The kernel /Ci/(0; ry, ry') was found in reference|32j. To leading order in 
the slow roll expansion and leading logarithmic order it is given by 


^i/(0;?y,?y') = (0;ry,ry') + 


1 

6 TT^ 


1 


2 A 3 / \ ry2 ry' 


V V 


1’^- 


7y- ry \rj - ry 


ry 7y 


In 1 — 


ry 


1 1 


V J V V 


where 


/Ci(0;ry,7y') = ^ V 


1 


■q-r]' 


1 


ry - ry 


irr (t^ — ij'y -p (e rj'y 


, (79) 


(80) 


e ^ 0 furnishes a regularization of the principal part prescription in eq. iisni) l^l^. The unperturbed solution and 
the retarded Green’s function for k = 0 are the following 


1 


^o.o(^) = A q^+ +Bq<^- ; /3± = - ± 


Gu{0,v,v') = 


2u V 


qd+ r]'^~ - ry^- ry'^+ 


0(ry - ry') . 


(81) 

(82) 
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where A and B are arbitrary constants. Then, the last term in eq. is 


^ IC„{0; 77 , rj') Xo.o(7?') = A r]'^+ ^ + B ^ + F[r], ijo] , 
rj 77 ' ?7^ 77 ^ 


(83) 


where ^[ 77 , 770 ] refers to the contribution of the lower integration limit and does not produce secular terms in X^(r]). 
The coefficients a± are given byHl 


a± = 


9 


{2 7rHor 

1 

■I— 2 -T 

^ - 4 


lne + 7 + 7/;(-Ti^) 


+ 




+ 


SiirHo)^ 


LI - 1/2 V 2 A 


TX + 2 + 37 + 




+ 


i±- 


(84) 


Combining the above results with the first term in eq. requiring that the counterterm C 3 [A, Hq] cancels the 
ultraviolet divergence Ine and keeping leading terms of order 1 /A^ in eqs. we find 


7 ^ 1 ( 0 , 77 ) = A (2i/(i+) + B (2 7/d ) + ^"[ 77 , 770 ] , 
where the coefficients of entirely quantum origin (one-loop) are given by 


(85) 


d+ = 

1 

3A 


1 

27/ 

8742 A 


6 742 

rl- 

1 

3A 


1 


27/ 

8 742 A 


2 742 


9 


20 i 
9 


( 86 ) 

(87) 


Carrying out the integral in eq. CZH) with the retarded Green’s function given by eq. we find the following result 
for the first order correction, 


XiQ = A r]^+ d"*" In ( — ) — B 77 ^” d In ( — ) -|- non-secular terms , 

\VoJ \VoJ 


( 88 ) 


where the non-secular terms do not grow in the limit t] 0. Up to first order in the loop expansion and leading order 
in A, the solution for superhorizon modes is given by 


Xoiv) = A r]l^+ 


1 -p d+ In ( ^ 

VoJi 


+ Br]f^- 


1 — d In 


JL 

VoJi 


non-secular terms . 


(89) 


The resummation of the logarithmic secular terms is performed by implementing the dynamical renormalization group 
resummation introduced in refs. mm, leading to the following result 


Xo{r]) = Arf 


f}++d+ 


Bjf 


0- —d 




/5++7 


Bff 


0--i' 


(90) 


where 77 is a renormalization scale; the amplitudes Ajj, Bjj are given at this renormalization scale and obey a renor¬ 
malization group equation, so that the full solution XqIt]) is independent of the renormalization scale, as it must be. 
The exponents are given by 


7 = )P-+«-)=-2; 

r = i (d+ - d-) = 


3A 1 
-k 


9 


8 7r2 A 3 7r2 \Ho A 

, 2 
9 


12 7 r 2 7 / \HnA 


(91) 

(92) 


The exponent T coincides to leading order in slow roll with the result obtained in ref.ls^. Since 77 = —e in 

comoving time the amplitude of superhorizon fluctuations decays exponentially with the decay rate 


= Hnr = 


Hn 


127427 / \HoA 


9 


(93) 
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where the subscript ip (pip emphasizes that this is the rate of self decay of inflaton fluctuations, a novel phenomenon 
which is a consequence of the inflationary expansion |3 li 1^ . 

In ref. no quartic coupling was considered and the exponent 7 (for A = 0) was absorbed into a finite redefinition 
(renormalization) of the mass of the inflaton, or alternatively of v, since the main goal of ref. |32| was to obtain the 
decay rate F. While such a redefinition of ly does not affect the decay rate F, in order to understand the novel scaling 
dimensions it must be kept separate because it originates from infrared effects and not from the ultraviolet. The 
ultraviolet renormalization which is accounted for by the counterterm fea. (lti8ll j. subtracts the cutoff dependent 

contributions which are independent of the wavevector k (for k A) whereas the contribution 7 [ea. lblll ] arises 
from the infrared and not from the ultraviolet, as its dependence on A makes manifest. Therefore, the exponent 
7 is a genuine infrared correction to the scaling of the mode functions which cannot be absorbed by the ultraviolet 
renormalization and emerges unambiguously in the scaling regime (k |??| <§C 1 ), i. e. physical wavelengths much larger 
than the Hubble radius. These results are in agreement with ref. |32l| for the decay rate F. In addition in the limit 
77 —!■ 0 “ the growing mode features a novel scaling dimension —d~ namely 


Xoip) ■ (94) 

This correction to scaling is related to the decay rate F of superhorizon fluctuations eq. (|i^ . From eqs. pi|i . (EU and 
(I87II . to leading order in slow roll and EFT expansions, d~ and the comoving time decay rate of superhorizon 

inflaton fluctuations are given by 


/ Hq Y o'v ivv - w) + 6 gv _ 2 gy {r]v - ey) + 6 ^^ 

\AttMpi) 2ev{r]v-evY ^ 

f Hq a Hq Yy _ 1 _ ^2 Hq fy 

VFttMp;/ evirjv-e-vY 2 {rjv - evY 
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(96) 


where the slow-roll parameters are given by eqs. CT-ltTUl. Whereas the exponent v = | — A = |+ey — ryyis 
determined by eq. m for the free mode functions, the novel scaling exponent —d is determined by the quantum 
corrections arising from the interactions. Again eq. TO highlights an important aspect of the effective field theory 
approach. The bracket in this expression is formally of first order in slow roll, namely of the same order in slow roll as 
the departure from scale invariance of the free field mode functions. This is a consequence of the infrared enhancement 
of the self-energy for v ~ 3/2 manifest as A“^ = (ryy — ey)“^. However, the novel dimension is perturbatively small 
precisely because of the effective field theory factor iFg/Mpy 

There are two important aspects of the above results that must be compared to our previous studies [^l^ : 

• In contrast to the study in ref. | 8 lLl^ we have included both the cubic and the quartic interaction vertices. The 
quartic coupling is of the same order in (EFT) as the square of the cubic coupling but higher order in slow roll 
[see eqs. EIB-iEIJ]- However, up to one loop, the diagram with two cubic couplings has two propagators, while 
the diagram with one quartic coupling has only one propagator. The difference in the number of propagators in 
these diagrams makes the contribution from the one loop with two cubic couplings of the same order in (EFT) 
and slow roll as the one loop with one quartic coupling. This is an important difference with our previous study, 
which a systematic treatment of both the (EFT) and slow-roll approximations as done here, has revealed. 

• In our previous studv [^l^ the term 7 = (d+ -I- d~)f2 in the (DRG) improved solution (1^ was absorbed into 
a finite mass renormalization simply because those studies focused on the decay rate. Here we recognize that 
the contribution from 7 is not a mass renormalization but instead enters in the anomalous dimensions of the 
growing and the decaying modes. This is an important new result, embodied in the final expression (TO which 
displays both the growing and decaying modes. 


VI. INFLATON COUPLING TO OTHER LIGHT SCALARS. 


So far our analysis only considered the self-interaction of the inflaton. In this section we generalize the previous 
results to a model which describes the inflaton field coupled to another scalar field cr(a;) with both trilinear and quartic 
interactions. The new action is obtained from that in eq. lH) by adding the following terms 
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We assume initially zero expectation value for the field a and its time derivative. Thus, < a > vanishes for all times 
and inflation is still driven by one scalar field. 

Upon performing the shift of the inflaton held as in eqn. © the effective mass and trilinear coupling are given by 


TO^(d>o) = + 2$0 + Aa $0 

5a(^o) = g^ + A^d>o. 

In what follows we will assume that the sigma held is light in the sense that 


Hi 


< 1 . 


(98) 

(99) 


( 100 ) 


Now all the steps in sections III-V generalize to this case. An extra term appears now in the equation of motion of 
the inflaton (eq[22|) at one-loop level, 


$o(i) + 3i?o $o(i) + U'(^o) + 5(^0) +ga(d'o) ([^^(f,^)]^) = 0 

We conformally rescale the a field as, 

p{x, ri) 


( 101 ) 


a{x,t) = 


Civ) 


The spatial Fourier transform of the free field Heisenberg operators p(a;, 77 ) obey the equation 

c"iv) 


pM 


k +m„i<^o) C iv) - 


Civ) 


Pkiv) =0. 


Using the slow roll expressions eq. it becomes 


pM 
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Pkiv) = 0 


where the index v is given by 
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The parameter A which controls the infrared behavior of the p fluctuations is given by 


A= - -i? = 
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Notice that the CMB anisotropy observations indicate that the slow roll parameters are < 10“^ consequently A is also 
< 10“^. The validity of the slow roll approximation and the condition that the scalar held a be light (IIOOII guarantee 
that A 1 . 

The renormalized effective equation of motion 123 becomes 


$o(0 + 3 Hq $o(0 + + 
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There are now extra diagrams that contribute to the inflaton self-energy £(^, 77 , g') feg. 17111 ] with the held a in the 
internal lines. These yield further corrections of order gl and Acr to the inflaton mode functions ^^( 77 ) through ea. ltTnil . 
The calculation of these new contributions to X^ip) is straightforward since the diagram 1 (b) with the field a in the 
internal loop yields the kernel /Cp(fc; 77 , 77 ') which follows from /Ci/(fc; 77 , 77 ') [eas.fT^l and {73] by simply replacing v by 
D and accounting properly for the different combinatorial factors in the Feynman diagrams. We obtain the following 
contributions to the coefficients from the self-energy correction that features one loop of the a field 
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1 ) 

f A„ I 

’5ct($o)' 
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8 TT^ 2 TT^ A 

[ Ho \ 

j 
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to leading order for small A <C 1 and A <C 1. 

The contribution from the light a field to the inflaton self-energy leads to a further correction to the scaling 
dimension, given by — and to the decay given by 
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In comoving time the partial rate of superhorizon inflaton fluctuations to decay in a pair of a scalars is given by 


Ho 
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has a similar structure to the inflaton self-coupling decay 
fluctuations is given by 


(109) 

[eq-jnSJ]- The total rate of superhorizon 
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where is given by eq. ra . 

Depending on the values of the effective couplings and mass grri^o), the value of can exceed that 

of . The value of the couplings of the inflaton to another scalar field must necessarily be small so that there is no 
large isocurvature perturbation contribution. 


VII. CONCLUSIONS AND FURTHER QUESTIONS 

Motivated by the current and forthcoming precision CMB data, we study the quantum corrections to the inflationary 
dynamics arising from inflaton self-interactions. Our approach distinctly treats inflationary dynamics in terms of 
scalar fields as a renormalized effective field theory (EFT) valid when the scale of inflation is much smaller than 
the cutoff scale (presumably the Planck scale). We focus on single field slow-roll inflation as a viable model that 
provides a generic setting for the robust predictions of inflation: almost scale invariant spectrum of gaussian adiabatic 
perturbations, small ratio of tensor to scalar amplitudes, etc, which is compatible with the WMAP data. The 
calculations of inflationary parameters within the slow roll expansion are typically based on purely gaussian quantum 
fluctuations. However, the WMAP data yields a hint of a cubic interaction in the form of the small but non-vanishing 
‘jerk’ parameter fv Furthermore, self-interactions of fluctuations will necessarily be present if the inflaton potential 
is non-linear as would be the most natural effective description. In this article we focused in obtaining the lowest 
order quantum corrections to the following relevant inflationary ingredients: 

• The equation of motion for the homogeneous expectation value of the inflaton held. 

• The Friedmann equation. The corrections to the Friedmann equation correspond to the quantum contributions 
in the effective potential since these are interpreted as the expectation value of Too in an homogeneous coherent 
state. The quantum corrections to the effective potential yield quantum corrections to the slow roll parameters. 
These are computed to leading order in EFT and slow roll expansions. 

• The equations of motion for the quantum fluctuations of the inhaton around its classical value. 

The effective held theory approach requires that the ratio of the scale of inhation to the cutoh scale is small, namely 
H/Mpi 1. Slow roll inhation relies on an adiabatic evolution of the scalar held and implies a hierarcW of small 
dimensionless parameters which are related to derivatives of the scalar potential with respect to the held 11^. We 
combined both approaches to obtain the quantum corrections in the ehective held theory to leading order in the 
(EFT) and slow roll expansions. 

Both the one-loop correction to the equation of motion of the inhaton and to the Friedmann equation are determined 
by the power spectrum of scalar huctuations. A nearly scale invariant spectrum entails a strong infrared behavior 
of the loop integral manifest as poles in the small parameter A = ryy — ey -I- 0(ey, 77 ^, eyT^y), which measures the 
departure from scale invariance. 
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This slow roll parameter provides a natural infrared regularization of the loop integrals which allows a controllable 
and systematic (EFT) and slow roll expansions. 

We find that the one-loop effective potential to the leading order in slow-roll and A expansions is given by 


Veffi^o) = VR(d>o) 
= yR($o) 1 + 
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Hn 


w 


ris - 1 -I- I r 
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Att Mpi j rjv — ev 
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( 111 ) 


where Hq and the slow roll parameters are explicit but slowly varying functions of <I>o given by eqs. This 

result is strikingly different from that in Minkowski space-time (see appendix). 

^From this effective potential we obtain the effective slow roll parameters that include quantum corrections. The 
lowest effective slow roll parameters are given by eqs. (IPl . A remarkable aspect of the quantum corrections to the 
effective potential and slow roll parameters (namely the terms of order Hq/Mpi) is that these are of zeroth order 
in slow roll. This is a consequence of the infrared enhancement from the nearly scale invariant scalar quantum 
fluctuations. 

The equations of motion for the quantum fluctuations of the inflaton around the <i>o are obtained including the 
one-loop self-energy corrections. The self-energy features a strong infrared behavior which is regularized by A. The 
perturbative solution of the equations of motion features secular terms that diverge in the long time limit (vanishing 
conformal time). The dynamical renormalization group program |3l[ l32l| is implemented to provide a resummation 
of this perturbative series. The improved solution for superhorizon modes feature two novel aspects: a correction to 
the scaling exponent and a decay rate. The latter, as anticipated in refs. PHI describes the self-decay of inflaton 
fluctuations. To leading order in the effective field theory and slow-roll expansions we find that the novel scaling 
dimension and decay rate are given by 


/ Hq Y gy (w - ey) + 6gy 
\^47rMpi/ 2 ev {ilv - f-vY 

/ gp f 
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( 112 ) 


Both the novel scaling dimension and the decay rate can be expressed in terms of CMB observables inserting 
eqs. m for riv, ev, fv and ay into eqs. (ESI- 

While the quantum corrections are small, consistently with the effective field theory expansion, they may compete 
with higher order slow roll corrections in the gaussian approximation. Therefore, in order to gain understanding of 
the inflationary parameters from high precision data, any high order estimate in the slow roll approximation must be 
accompanied by an assessment of the quantum corrections arising from the interactions as studied here. 

We have generalized these results by studying a model in which the inflaton is coupled to a light scalar held a. We 
have obtained the contribution from a loop of a particles to the effective potential, scaling exponents and the partial 
rate for the decay of superhorizon fluctuations of the inhaton ^ aa. 

In this article we have focused on studying the effects of the interaction on the expectation value and the huctuations 
of the inhaton held. In order to understand the possible effects of the interaction on curvature perturbations and 
or gravitational waves, the next stage of the program requires to quantize the perturbations and to compute loop 
corrections. This will be the focus of forthcoming studies. 
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APPENDIX A: ONE LOOP EFFECTIVE POTENTIAL AND EQUATIONS OF MOTION IN 
MINKOWSKI SPACE-TIME: A COMPARISON 

In this appendix we establish contact with familiar effective potential both at the level of the equation of motion 
for the expectation value of the scalar held, as well as the expectation value of Too. 
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In Minkowski space time the spatial Fourier transform of the held operator is given by 

1 


Vkit) = 


L -fe . 


where the vacuum state is annihilated by aj: and the frequency is given by 

The one-loop contribution to the equation of motion ll^ is given by 


Mx,t)r) = 


8 TT^ 


e d 

’ 1 ,2 
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—/ k UJk dk 
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The expectation value of Tqo = TL (Hamiltonian density) in Minkowski space time is given up to one loop by the 
following expression 


(Too) = ( ^ ^ (V<)>)" + V{4>)\ = ^ 4' + V-($o) + 
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H ($o) 
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The expectation value of the fluctuation contribution is given by 


+ \ + \ ^”(^o) + • • • 
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A^ h"(^o)A" 

IGtT^ 16 TT^ 
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Renormalization proceeds as usual by writing the bare Lagrangian in terms of the renormalized potential and coun¬ 
terterms. Choosing the counterterms to cancel the quartic, quadratic and logarithmic ultraviolet divergences, we 
obtain the familiar renormalized one loop effective potential 


K//($o) = Vr($o) + 


64 TT^ 


(A6) 


where M is a renormalization scale. Furthermore from eq. lIXHll it is clear that the equation of motion for the 
expectation value is given by 


$0 + ^//(4’o) — 0 ■ 


(A7) 
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